Abstract. A quadratic evolution equation of the form u = Lu + eQu is considered where L and Q are particular linear and quadratic integral operators respectively. This equation has been proposed to describe the variation with time of u(x, t), the volume density of an ensemble of particles undergoing concurrent coalescence and fracture.
is considered where L and Q are particular linear and quadratic integral operators respectively. This equation has been proposed to describe the variation with time of u(x, t), the volume density of an ensemble of particles undergoing concurrent coalescence and fracture.
The equation is solved in an important special case by standard perturbation techniques where e is the sufficiently small parameter. This method, in combination with certain results from the theory of semigroups of linear operators, provides computable approximations as well as an existence proof. An example is also given.
A number of mechanical and physiochemical processes involve ensembles of particles undergoing concurrent coalescence and fracture (see bibliography in [4] ). The result is an ensemble volume density that varies with time.
An equation proposed by T. H. Courtney (see [4] ) to describe the evolution of the volume density with time is:
4-= -Bxau(x, t) -Cxyu(x, t) ( ° *yyu{y, t) dy at J0
+ 2B f\a~'u(y, t)dy + y f yy(x -y)yu(y, t)u(x -y, t) dy Jx L Vo with m(x,0) = u0(x) for 0 < x < V0. (1) In (1), u(x, t) dx is the number of particles at time t with volume between x and x + dx, u0(x) is the initial volume distribution and xu0(x) dx -total volume of all particles in the ensemble.
(2) o Parameters B and a are positive and represent the " tendency to fracture". C is a positive constant representing the "coalescence tendency" and y gives the dependence of coalescence on particle size. If particles are spherical and coalescence depends on surface area then y = 2/3.
In [4] it was shown that a unique, nonnegative, volume conserving solution to (1) exists for all t > 0 in the L, space, X = j/: J °\f(x)\x dx < cc
In the present paper an alternate representation for this solution is derived which may in some cases be more useful computationally. Since this coincides with the solution constructed in [4] (by means of Picard iteration) no attempt will be made to rederive the above properties. Equation (1) will be simplified by introducing the substitution
in which case (1) becomes 3 w
where Lw --Bxaw(x, t) + 2Bxy ( °ya~y~xw{y, /) dy
Qw --xy I w(y,t)w(x-y,t)dy -Bxyw(x,t)l w(y,t)dy e = C/B.
L is the linear "fracture" operator (terms with coefficient B) and Q is the quadratic "coalescence" operator.
It is convenient from several standpoints to solve (4) In (4) the eQw term is to be viewed as a perturbation on the linear problem, dw/dt = Lw. When this approach is taken one often seeks a solution valid for e sufficiently small. Since e = C/B this defines the condition C « B, or a situation in which the effect of coalescence is small compared to fracture. This case is of interest to researchers in the field. It turns out, however, that the solution developed below is good for arbitrary e. Inequality (15) below implies a trade-off between the size of e and the time interval [0, T] on which the series solution is known to be valid. Regardless how large e becomes, a sufficiently small T can always be found so that (3) and (5) = LPk+ fk> Pk(*> °)=0> k>l-
To solve (7) 
Hereafter the norm || • || will denote the usual L2[0, V0] norm. The same notation will also denote the operator norm for operators in B{L2, L2). Proof. This follows directly from the boundedness of L. Q.E.D. 2 ek% = Ll ek%+ 2 ekFk (F0 = 0).
Letting N -> oo, and now using the continuity of L:
The proof is complete if it can be shown that d_ dt 2 ek% = 2 ek% and (i) 
xo where 8 is the Dirac S-function and the constant V0/x0 is introduced to satisfy (2). Substituting (18) into (16) gives p0(x, t) = e'Lw0 = e ,Bx"^-xy8(x -x0)
where H is the Heavyside unit step function. Equation (19) gives the solution if e = 0, that is if there is no coalescence. The pulse at x0 is decreasing exponentially with time in favor of a continuum of smaller particle volumes.
To observe the effect of coalescence the higher order terms must be included.
P\(x, t) = f'e('~s)LF](s) ds where B rx r^o~x /,(*, t) = -X^ \ p0(y, t)p0(x -y, t) dy -Bxyp0(x, t) / p0(y, t) dy. i j0 j0
To carry out the computation analytically is, even in this simple example, quite involved. Multiplying the terms in (19) together and integrating yields for /, seven very complicated terms. In the interest of brevity the terms in i//, will be described qualitatively. New terms introduced by will be of the form
where g, and g2 are continuous in both variables. The pulse at x = 2x0 results from the coalescence of particles of volume x0. The continuum has been extended out to x = 2x0 by the second term. The 0(e) approximation will never introduce peaks beyond x = 2x0. If the e2p2 term is included, however, terms like S(x -3x0) and S(x -4x0) will be introduced and the continuum of values will be extended out to x = 4x0. The computational difficulties encountered in this relatively simple example suggest that the equations be integrated numerically. This will be left for future consideration.
Summary. A nonlinear integrodifferential equation describing the evolution with time of the volume density of an ensemble of particles is solved using perturbation theory. While most appropriate in the case C « B, or fracture dominating coalescence, the solution is shown to be valid for all e. Indeed, (15) implies a trade-off between the size of e = C/B and the time interval, [0, T], on which the series solution is known to be valid. As e increases, T must decrease. The question of the convergence of the solution outside [0, T) for fixed e remains open.
